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Abstract
A cooperative program between the Jet Propulsion Laboratory and the National
Bureau of Standards will result in the gain measurement of a horn antenna using
three different techniques: a two-antenna insertion loss measurement, a pattern
integration method, and a near-field measurement method. This article describes
the application of the pattern integration method and also the evaluation of the
near-field gain correction factors for the horn, which are determined by a new
method based directly on measured data. The method involves a spherical wave
expansion of the experimental radiation pattern of the specific antenna being
tested, rather than evaluation of an assumed analytical model. The spherical wave
expansion is also compared to experimental near-field pattern data.
The gain of the antenna is determined by the pattern integration method to be
22.02 dB within a 3<r tolerance (or 99.7% confidence interval) of ±0.1 dB. It is
concluded that the pattern integration method is a valuable technique with a
potential of even better accuracies with further development.
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Gain Calibration of a Horn Antenna
Using Pattern Integration
I. Introduction
The accurate determination of the gain of an antenna
is a basic and continuing problem in antenna engineering
(Ref. 1). Although the fundamental principles are simple,
there are several second-order effects which are complex
and difficult to cope with both experimentally and theo-
retically. These second-order effects generally become
significant when accuracies better than roughly ±Va dB
are required.
There are several motivations for improving the current
state-of-the-art in gain measurement techniques: for one,
the study is in itself interesting, and involves theoretical
and experimental techniques of value in themselves; also,
in very expensive communications systems, such as the
NASA/JPL Deep Space Network or satellite communica-
tion systems, more precise measurements become eco-
nomically necessary; finally, the experience gained in a
precision gain measurement carries over to improve the
accuracy of less rigorous measurements.
For these reasons, the basic objective of the work
described here is to advance the technology by improving
old techniques and evaluating new techniques of pre-
cision gain measurements. A second objective is the pre-
cision calibration of a JPL gain standard horn. The
approach involves a cooperative program between the
Jet Propulsion Laboratory (JPL) and the National Bureau
of Standards (NBS), in which the gain of a specific JPL
horn antenna is determined using three methods: (1) the
two-antenna method, in which the "insertion loss" of the
link between two identical antennas is measured (Ref. 1);
(2) the pattern integration method, in which antenna
directivity is directly obtained from the radiation pattern
of the antenna (Ref. 2), and (3) a near-field method in
which the amplitude and phase of the radiated fields are
measured very close to the antenna and then mathe-
matically transformed to yield the far-field pattern and
directivity (Ref. 3).
The insertion loss and near-field methods are being
applied to the horn by NBS and will be reported separ-
ately. This report deals primarily with the pattern inte-
gration method, except that the near-field correction
factors obtained in the insertion loss method are also
obtained here, using a new technique based on the mea-
sured antenna patterns.
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Fig. 1. JPL gain standard horn
The X-band horn antenna selected for calibration as a
gain standard is shown in Fig. 1. A linearly polarized
circular horn was chosen to take advantage of the mini-
mum pattern data required, as described in the following
section. A dual-mode horn (Ref. 4) was chosen because of
the very low sidelobes, which have advantages in both
calibrating, and using, the horn as a gain standard, such as
the minimal ground-bounce multipath shown in a later
section. The only possible disadvantage of this horn is its
narrow bandwidth. That is, its pattern characteristics and
gain change rapidly with frequency. This also makes the
horn sensitive to mechanical tolerances, which must be
held as close as ±0.05 mm in critical regions such as the
mode-generating section. However, the patterns remain
essentially unchanged over a 5% bandwidth, and this is
not a problem for the intended application. Detailed
mechanical drawings of this horn are available which
include the required tolerance specifications (Ref. 5).
II. Pattern Integration Method of Gain
Measurement
In this section, the pattern integration method of gain
measurement is described, and the basic equations used
in this report are presented.
A. Definition of Gain
The basic definition of antenna gain is (Ref. 6)
(_r •— ~rr—— (1)
where P,, is the radiation intensity in the direction of
interest in watts/steradian, and Pt is total input power
for "power" gain or total radiated power for "directive"
gain. These two gain definitions differ by the dissipative
loss of the antenna itself. For the horn antenna consid-
ered here, this loss is small but is included in the final
gain calculation presented in a later section.
The basic feature of the pattern integration technique
is that the total radiated power is determined relative to
the peak of the beam by integrating the pattern radiation
intensity, which must include both normal and cross-
polarization components; then the directive gain is given
by (Ref. 7)
G =
P* f" \E (e ,4>) \ 2 sm6d8d< j>J0=o Je=o '
where the coordinate system is shown in Fig. 2.
(2)
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H-PLANE
4>=0
E PLANE
Fig. 2. Antenna pattern coordinates
B. Pattern Symmetry for Circular Horns
In general, it is difficult and time-consuming to experi-
mentally determine ~E(6,<j>) over a complete sphere; how-
ever, in the particular case of a horn with circular sym-
metry it is only necessary to determine E(#,<£) for two
values of <f> (Ref. 2). This is due to the fact that a circular
horn excited with a field linearly polarized in the y-direc-
tion must have a radiation pattern of the form (Ref. 8)
= Ea(6) sin cos (3)
This is a result of basic symmetry conditions and the form
of circular (or conical) waveguide mode fields. Note that
this condition does not apply to rectangular horns (which
are shown in Fig. 2 for illustrative purposes only).
We will now consider the relationship between Eq. (3)
and real-world experimental patterns, in order to see
what data are required to specify the required functions
E8(0) and £$>(<£) and also to develop some checks to
verify that the actual horn pattern is of this form.
With reference to Fig. 2, the usual method of measur-
ing antenna patterns is to first align the antennas at
0 = 0 such that the polarization of the two antennas is
matched, for a principal polarization pattern P(6), or
orthogonal, for a cross-polarized pattern X(0). Then the
test antenna is rotated in 0, with a fixed orientation of the
test antenna in the plane of rotation. After some study, it
may be determined that what this measures are patterns
given by1
(sin^oti + cosset;,)
(cos fa\ - sin fa%)
(4)
When the antenna radiation pattern £(<?,</>) is of the form
of Eq. (3), the measured principal and cross-polarization
patterns P(0) and X(0) are related to this functional form
by
= £0(6) sin2 fa + Et(6) cos2
(5)
M»W = sin <t>0 cos
Therefore, the measured principal polarization E-plane
pattern P0=7r/2(0) is identically equal to E,(0), and the
principal polarization //-plane pattern P^=0(0) is iden-
tically equal to E$(0). So these two measured patterns
provide precisely the data needed to use Eq. (3) to
determine the total antenna pattern, and will be the basic
data used in this report. It is important to note that these
pattern functions are complex valued, and that both
amplitude and phase data are required. Figure 3 shows
these patterns for the JPL gain standard horn considered
in this report.
It is at first surprising that two principal polarization
patterns are sufficient to determine the entire pattern,
including cross-polarization, at any cut on the sphere.
However, there is a convincing test to verify that this is
indeed true. From Eq. (5) the principal and cross-
polarized experimental patterns at <f> = ir/4 will be given
by
= [£.(<?) +
(6)
It is easy to experimentally measure the two patterns
P(0) and X(0) at <j> = ir/4. These two patterns may also
be computed from the E- and H-plane data E9(0) and
1
 These patterns are defined as they are usually measured, and
there are some peculiarities in the definition. For example, in the
0 = 7T/4 plane, the "principal polarization" starts out as Ey at
6 = 0 but ends up as — E^. at 6= TT. This may violate the intui-
tive definition of principal polarization but does not cause any
problems mathematically.
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(a) E-PLANE AMPLITUDE
PATTERN
POLAR ANGLE 8, deg
Fig. 3. Patterns of horn antenna
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(b) H-PLANE AMPLITUDE
PATTERN
POLAR ANGLE 8, deg
Fig. 3 (contd)
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(c) E-PLANE
PHASE PATTERN
I/
POIAR ANGLE 8, deg
Fig. 3 (contd)
(d) H-PLANE
PHASE PATTERN
r\
POLAR ANGLE 0, deg
Fig. 3 (contd)
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using Eq. (6) above. A comparison between the
measured and computed patterns is then a stringent test
of the accuracy of Eq. (3). Again, it is important to note
that all of these patterns functions are complex valued
and that both amplitude and phase data are required to
define Es(6) and E$(d} and in computing patterns using
Eq. (6). This check on Eq. (3) will be made, and errors
introduced by second-order deviations of the actual
pattern from the assumed form Eq. (3) will be evaluated
in a later section.
C. Equations To Be Used to Compute Gain
Using Eq. (3), we may rewrite the directivity Eq. (2) as
G = (7)
This is the basic equation to be used in this report. The
gain value determined using this equation is dependent
on two quantities: (1) the value of the field at the single
point on axis E(0,<£) and (2) the integral of the radiated
power over the full sphere. If the true field is E(0,$) and
the measured field (containing errors) is E'(0,<£), we will
define an error pattern AE(0,<£) by
(8)
Then by application of the version of the triangle in-
equality which applies to integrals (Minkowski's inequal-
ity) it may be shown that
'
2 1/2
IT- (9)
where
PT = radiated power of the true pattern
P' = radiated power of the measured pattern
AP = radiated power of the error pattern
The ratio P'/PT represents the resulting error in com-
puting the radiated power (the denominator of Eq. 7);
this will be useful in determining the effect of pattern
errors on computed gain.
There is one more point to be considered. It has been
shown that an error is introduced in Eq. (7) if the antenna
patterns are taken about an origin other than the phase
center2 of the antenna (Ref. 2). However, if the phase
center is a distance r from the center of rotation, the error
in gain is given by
AG = (10)
This correction provides a means of taking patterns at
more than one center of rotation and randomizing some
sources of error. This technique is also used here.
D. Summary
By taking advantage of the special form of the radia-
tion patterns of linearly polarized circular horns, a sim-
plified equation for computing directive gain may be
obtained which requires only the principal polarization
E- and H-plane pattern data. A test to verify the assumed
special form has been established, and an equation has
been given to correct for changes in the computed gain
for centers of rotation other than the phase center.
III. Antenna Pattern Measurement System
This section describes the measurement system, which
consists of (1) an antenna range and (2) a digital antenna
pattern (DAP) recording system. The objective is to
identify and quantitatively determine error sources in
the measurement system itself.
A. The Antenna Range
The antenna range used to measure the horn patterns
(Fig. 4) is part of the JPL Mesa Antenna Range facility.
The horn under test on the rotator was the receiving
antenna; a mechanically identical horn was used as the
illuminator. The basic requirements of a range are that
it be capable of alignment to conform to the desired
pattern-taking geometry described in the previous sec-
tion, and that interference due to noise, reflections, or
any other spurious signal be minimal.
Fortunately, with one exception, geometrical alignment
is not particularly critical; if the E- and //-planes are
correctly aligned in all parameters within ±% deg, the
errors, which tend to uniformly affect the entire pattern,
will have a very small effect. The system was aligned
with a theodolite and surveying level to accuracies better
2In this context "phase center" means a point such that a phase
pattern taken about the point would be flat at 9 = 0. If this
point is different for the E- and H-planes, then the "phase center"
is taken halfway between the two points.
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Fig. 4. Antenna range
than 0.2 deg, which will introduce negligible errors. The
one exception requiring precise alignment is due to the
fact that the polarization alignment is very critical for a
cross-polarized pattern; an error of % deg would provide
isolation of only — 41 dB from the principal polarization
component. Since cross-polarized data is not used for the
gain results, this is important only for the purposes of the
test of Eq. (6) to be made later. For this test, the polariza-
tion alignment was made by seeking a signal null on axis.
In addition to the alignment of the static geometry of
the system, it is necessary to calibrate the one variable
geometrical parameter, which is the antenna rotator angle
(6 in Fig. 2). Using a theodolite as a standard, it was
found that the digital angle readout was accurate to
within ±0.025 deg within ±26 deg of boresight and
±0.035 deg over the full ±180-deg range. If we conserv-
atively assume that the worst case angular errors apply
systematically over the entire pattern, this leads to a
maximum possible error in the calculated total radiated
power of ±0.042 dB, as shown in Table 1. It is also
conservatively assumed that the error is systematic.
The range interference problem is more difficult than
geometrical errors. There are several sources of interfer-
ence with the antenna pattern direct signal, as shown in
Fig. 5. The leakage due to sources (d), (e), and (f) illus-
trated in Fig. 5 was experimentally determined by cover-
ing the aperture of the receiving horn (thereby blocking
the other signal paths) and then taking an otherwise
normal antenna pattern. The first attempts, quite
typically, showed considerable leakage into the crystal
mixer on the back of the receiving horn. Careful assembly
and the use of absorber finally resulted in a total worst
case leakage and noise level —75 dB below the direct
path maximum signal, or —52 dB below the isotropic
radiated power. By Eq. (9) this would introduce a maxi-
mum gain error of ±0.011 dB. This error will affect the
pattern sets taken at different centers of rotation ran-
domly as categorized in Table 1.
The double-bounce reflections and ground-bounce
multipath may be experimentally determined by varying
the separation between the transmitting and receiving
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(b) DOUBLE-BOUNCE REFLECTIONS
/ (c) GROUND-BOUNCE
./ MULTIPATH
\ / (d) RADIATION
\ / LEAKAGE INTO ~ -^».
\ /
(0 SYSTEM NOISE
(e) SYSTEM LEAKAGE
Table 1. Gain tolerances due to antenna pattern
measurement system
Fig. 5. Antenna range interference
horns. Leakage will also show up in this measurement,
so it is quite comprehensive. Using the dimensions in
Fig. 5, it may be determined that moving the horns 1.8 cm
(l/2 wavelength) closer together will change the phase of
the signal paths as follows: the direct path (a) changes
by 180 deg; the double-bounce path (b) changes by
540 deg; the ground-bounce path (c) changes by 203.4
deg. Therefore, interference due to path (b) will cause a
full cycle of ripple for every 1.8 cm of movement, and
interference due to path (c) will cause a full cycle of
ripple for every 27.7 cm of movement. The leakage path
does not change in phase, so this source would cause a
full cycle of ripple for every 3.6 cm of movement due to
the phase change in the direct path.
The horn spacing was varied by moving the traverse
table on top of the rotator at a constant speed away from
the illuminating horn. The first measurement of the re-
sulting ripple is shown in Fig. 6. The linear downward
slope of the signal envelope is due to increased space
loss. The fine-grain structure of the predominant inter-
ference has a peak-to-peak spacing of 1.8 cm, which
indicates that it is double-bounce interference. When the
transmitting and receiving masts were covered with RF
absorber (Fig. 7), this ripple was greatly reduced (Fig. 8).
The longer period ripple of magnitude of about ±0.01 dB
has a peak-to-peak spacing of about 28 cm and therefore
is positively identified as ground-bounce interference.
Figure 8 shows the interference when the horns are set
for an E-plane pattern. For an H-plane pattern, the
ground-bounce path occurs at an angle which exactly
coincides with a null in the horn pattern, so this type of
interference is absent (Fig. 9).
Source Systematic errors, Random errors,dB dB
DAP system angle
readout errors
Leakage and system
noise
Reflections
DAP system
amplitude linearity
Drift
RSS total
±0.042
-
-
+ 0.059
-0.051
-
+0.072
-0.066
-
±0.011
±0.03
-
±0.011
±0.034
These measurements were made with the horn axis
aligned. Similar interference patterns were measured
with the receiving horn pointing 2, 5, 10, and 15 deg off
boresight. The ripple never exceeded ±0.03 dB in any
of the measured cases, which cover the first 10 dB of the
horn pattern. The error that this will cause in computed
gain was evaluated by actually computing the gain of
two pattern sets taken at maximum and minimum inter-
ference points. This was done for the severe case, illus-
trated in Fig. 6, prior to the use of absorber. It was found
that the peak-to-peak gain change was almost exactly
equal to the peak-to-peak ripple on axis. This is less than
the worst case of ±0.03 dB, but again the worst case
value will be used. This error is randomized for patterns
taken at different centers of rotation, and it is included
in this class in Table 1.
B. The Digital Antenna Pattern Recording System
Even with the amount of data required reduced to two
patterns, the pattern integration technique is not really
feasible as a method of precision gain calibration without
a digital pattern recording capability. The data used in
this report was digitized and recorded on magnetic tape
using the system diagramed in Fig. 10.
The system calibration procedure consisted of a full
system RF check at 8.448 GHz using a Hewlett-Packard
H382A rotary vane attenuator (Fig. 10). The rotary vane
attenuator was initially calibrated using a Weinschel 1810
as part of a dual-channel insertion loss test set. The
attenuator dial settings were found to be repeatable to
0.02 dB from 0 to -10 dB and 0.1 dB from -10 to
— 40 dB. The results of the DAP system calibration are
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-0.2
I
O
u
-0.4
-0.6
-0.8 I
100
CHANGE IN HORN SPACING, cm
Fig. 6. Interference ripple, E-plane, initial measurement
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Table 2. Radiated power distribution in the antenna pattern
Power range,
dB
0 to -3
-3 to -10
-10 to -30
-30 to -40
Below - 40
Totals
Fractional
power
0.4567
0.1838
0.3448
0.0122
0.0025
1.0000
Tolerance,
dB
±0.02
+ 0.02
-0.05
±0.10
+0.10
-0.35
±1.0
Maximum
fractional
power error
±0.0021
+ 0.0008
-0.0021
+ 0.0080
-0.0078
+ 0.0003
-0.0009
+ 0.0006
-0.0005
+ 0.0118
-0.0134
Fig. 7. Use of absorber to reduce double-bounce reflections
given in Fig. 11 for calibrations before and after pattern
data was recorded. Except for the one point at —40 dB,
the agreement is very near the resolution limits of the
calibration.
A test for the receiving system linearity which avoids
the problem of dial setting repeatability had been made
previously (Ref. 9) as follows: (1) a normal set of data is
recorded; (2) the signal source power is reduced 10 dB
and the digitizing and recording subsystem gain increased
by 10 dB. The recorded results differed by less than
±0.025 dB in the 0-10 dB range and ±0.10 dB in the
10-40 dB range. This test does not check the linearity of
the digitizing and recording subsystem; the linearity was
checked separately by using a Scientific-Atlanta test set
as shown in Fig. 10 and was found to be accurate to
±0.03 dB in the 0-10 dB range and ±0.14 dB in the
10-40 dB range. These prior results are generally com-
patible with the rotary vane attenuator calibration in
spite of the dial setting error; therefore, the rotary vane
calibration, which was done at the same time the pattern
data was recorded, is accepted as a valid calibration for
this data.
To evaluate the effect on computed gain, the error was
bracketed as shown by the shaded area in Fig. 11. The
fraction of the total radiated power in each of several dB
ranges was determined as shown in Table 2; the appro-
priate tolerance for each region was then applied to
obtain the overall maximum power tolerance, as given in
Table 2. This power tolerance corresponds to the com-
puted gain tolerance of i[J-{]|f dB shown in Table 1.
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Fig. 8. Interference ripple with RF absorber, E-plane
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-0.6
50
CHANGE IN HORN SPACING, em
Fig. 9. Interference ripple with RF absorber, H-plane
100
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ILLUMINATING ANTENNA TEST ANTENNA
8 GHz-
ROTARY VANE
ATTENUATOR
hp H 382 A
8 GHZ
8 GHz
8 GHz-
X-BAND
SIGNAL SOURCE
2 GHz
SCIENTIFIC-ATLANTA
TEST SET
40 MHz
2 GHz
i I 40 MHz
SCIENTIFIC-ATLANTA
DUAL-CHANNEL
RECEIVER
DIGITIZING AND
RECORDING
SUBSYSTEM
Fig. 10. Digital antenna pattern recording system
The final system test was a check on the signal stability,
which will be divided into "jitter," defined as changes in
signal level during a time period comparable to the data
sample rate, and "drift," defined as changes in signal level
during a time period comparable to measuring the
pattern. The receiver is sensitive to changes in transmitted
power, so this is a critical measurement. Signal changes
over longer time periods between patterns are eliminated
by pattern normalization. The measured maximum value
of the jitter was ±0.025 dB. The effect of this jitter on
the calculated gain is significant primarily for the single
data point on axis. This error will be considered in a
following section on the data reduction. The measured
value of drift was ±0.04 dB over the period of time it
takes to record the main beam. This occurs in a nearly
linear manner over the extent of the pattern, which would
result in a worst case gain error of ±0.011 dB, as shown
in Table 1.
0.2
0.1
-0.1
-0.2
-0.3
-0.4
PRECALIBRATION
POSTCALIBRATION
;::- V
-0.1 -1.0 -10.0
RELATIVE POWER, dB
-100.0
Fig. 11. Antenna recording system amplitude calibration
C. Summary
The antenna pattern measurement system introduces
errors in both angular and amplitude pattern data due to
system nonlinearity, noise, and interference. These errors
may be quantitatively measured and fairly simple pro-
cedures used to reduce the errors due to reflection and
leakage, which are otherwise severe. The resulting errors
due to the various sources within the measurement sys-
tem are summarized in Table 1.
IV. Pattern Measurement and Data Reduction
Procedure
The experimental checks to verify that the antenna
pattern is of the form of Eq. (3) are described in this
section, and the data reduction procedure is considered
in detail, again with emphasis on identifying sources of
error.
A. Pattern Data Sets
A total of seven sets of E- and H-plane data were
experimentally measured at 8.448 GHz. Since the in-
sertion loss gain measurement made by NBS requires two
horns, two nominally identical horns were available and
were both used. The basic data for each horn consisted
of three sets of E- and H-plane amplitude and phase
patterns taken at three centers of rotation. The center of
rotation is physically defined by the axis of the antenna
range rotator table. The center of rotation is mathe-
matically defined by the X-axis or Y-axis of the coordinate
system (Fig. 2) for an E- or //-plane pattern, respectively.
Therefore, the center of rotation can be adjusted with
respect to the horn by means of the traverse table on
top of the rotator. The phase center, which is defined to
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be the center of rotation such that the phase pattern is
flat on the beam peak, was found to be 5.398 cm behind
the horn aperture. The other centers of rotation used were
60.45 cm in front of and 73.66 cm behind the phase
center. In addition to these six patterns, there was a
seventh phase center pattern set with the test antenna
rotated 180 deg about the Z-axis, to be used in the sym-
metry test described below. All of these patterns are very
similar to the patterns shown in Fig. 3, which happen to
be phase center patterns of horn 1.
The eighth pattern set consisted of the principal and
cross-polarized patterns in the <j> = ir/4 plane. These
were phase center patterns and are used only for the
symmetry tests and not as gain calculation data.3
B. Experimental Verification of Pattern Symmetry
The initial objective was to verify the assumed mathe-
matical form of the antenna pattern. There are several
sources of second-order errors which could result in
deviations between an actual pattern and the form of
Eq. (3): (1) an elliptically polarized field rather than the
assumed linear polarization, (2) physical deviations from
rotational symmetry in the horn itself, and (3) reflections
and other measurement errors.
An elliptically polarized field would experimentally
appear as cross-polarization and will not affect the prin-
cipal polarization data. Therefore, the only effect is the
total power in the spurious field component. Since the
spurious component will have the same pattern as the
desired component, this power is found directly by
measuring the polarization ellipticity or axial ratio, which
was greater than 50 dB. This would introduce a syste-
matic error in the computed power, but would cause an
error in the computed gain of less than +0.00004 dB.
The method used to check the basic symmetry proper-
ties was to compute the difference between two pattern
sets which should be identical; this results in an "error"
pattern as defined by Eq. (8). The power in the error
pattern was then computed numerically, and the maxi-
mum error this could cause in the computed gain may
then be evaluated using Eq. (9). The first symmetry
check was to compare the right- and left-hand sides of
the same pattern. This cannot be done directly since the
true pattern center is typically not precisely coincident
3Actually, the <f> — ir/4 principal and cross-polarized patterns are
also sufficient to totally define the pattern and can be used by
themselves to yield the gain. This may be seen by inspection of
Eqs. (3) and (6).
with a sample point; however, the error power may be
computed by assuming the pattern center to be at several
of the closest sample points and then extrapolating the
value for the true center. This rather approximate method
indicates error powers more than —52 dB below the true
total radiated power. This is consistent with the visually
excellent symmetry of the patterns shown in Fig. 3.
The second symmetry test was to compare the patterns
before and after the test antenna was rotated 180 deg
about its axis (the Z axis in Fig. 2). This test also com-
pares the right- and left-hand sides of the pattern but
isolates horn effects as follows: asymmetries due to im-
perfections in the horn should switch sides on the pattern
whereas reflections and systematic measurement errors
will remain unchanged and will cancel out. In this case,
the error pattern was directly computed from the raw
E- and H-plane digital data. The result was error powers
more than —45 dB below the true radiated power. This
procedure results in an "error" pattern which is twice the
actual effect. Therefore, — 6 dB added to this results in an
actual error power — 51 dB below the true power.
The most important symmetry test is to compare the
measured <j> = ?r/4 principal and cross-polarized patterns
with patterns computed by Eq. (6). The reason that this
is most significant is that it exactly simulates the way in
which the symmetry is used mathematically to derive the
directivity equation (7). The agreement between the
computed and measured patterns was remarkable; the
cross-polarized pattern is a particularly severe test since
the computed principal and cross-polarized pattern is
numerically the difference between the two nearly equal
principal patterns (see Eq. 6). The measured and com-
puted patterns are compared in Fig. 12, demonstrating
almost unbelievable agreement. The power in the total
error pattern, including both principal and cross-
polarized patterns, was more than —44 dB below the
true power.
These three tests are reasonably consistent and indi-
cate a maximum error power —44 dB below the true
radiated power (—66 dB below the beam peak power
density). At this level it is at least as reasonable to ascribe
the error power to noise effects rather than to real pattern
asymmetries, but, to be conservative, it will be considered
as an additional tolerance factor. Using Eq. (9), we
determine that the error power of — 44 dB may result in
a maximum gain error of ±0.055 dB. This error and the
error due to elliptical polarization are considered syste-
matic errors, as shown in Table 3.
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Table 3. Gain tolerances due to pattern asymmetries
and data reduction
Source
Elliptical polarization
Pattern asymmetries
Data reduction
Systematic errors,
dB
+ 0.00004
-0.00000
±0.055
±0.005
Random errors,
dB
±0.024
RSS total ±0.055 ±0.024
C. Data Reduction Procedure
Even though the pattern asymmetries are slight, the
first step in the data reduction was to average the right-
and left-hand sides of the patterns to further reduce the
effect and also to reduce the effects of jitter. To preserve
the total power in the pattern, a power average is used
rather than a voltage average.
1/2 (11)
The phase patterns are averaged arithmetically.
If an angular error of A deg is made in locating the
true center of the pattern, an amplitude error will be
introduced by the right-left averaging process. The
angular error A arises because the sample points for the
digital data are spaced 0.5 deg apart; therefore, in the
worst case A would be 0.25 deg. However, a reasonable
alignment of the system resulted in a maximum error of
A = 0.143 deg for the patterns used in this work. To
evaluate this effect, several cases were numerically inves-
tigated using the sample pattern
(12)
with k = 0.006 deg-2.
Suppose we have a perfectly symmetrical pattern
which is averaged using Eq. (11), where an error A deg
is made in determining the center. This yields
The numerical cases showed that for A = 0.143 deg,
the computed gain of the pattern f^(0) was systematically
reduced by 0.002 dB relative to the computed gain of
the pattern j(ff).
The second step in the data reduction was to further
minimize noise effects by a moving average defined as
follows:
= - [Eav(0-0.5) + 2Eav(0) Eav(0 +0.5)]
(14)
where the angle increment of the new data was 1.0 deg.
This also introduced some second-order effects which
result in a systematic gain reduction of 0.007 dB.
The final step in the data reduction was to fit an
exponential pattern, of the form Eq. (12), to the peak of
the main beam. The reason for this is that the basic
equation for gain, Eq. (7), directly depends on the value
of the peak of the beam E(0,</>). If we were to rely on a
single data point, jitter in this point would directly cause
an error in the computed gain. By determining the value
of this one critical point by curve fitting, this noise effect
is greatly reduced. Also, by fitting to the original raw
data, the second-order but systematic reductions in the
beam peak introduced in the first two steps are elimin-
ated, which almost exactly cancels the gain reductions.
The curve was fitted to 11 data points at the peak of the
beam as shown in Fig. 13. Note that this figure, which
also illustrates the effect of the two averaging processes,
is a highly magnified view of the beam peak with a full
amplitude scale of only 0.5 dB. These changes would be
much too small to see in the full antenna pattern shown
in Fig. 3. Also shown in Fig. 13 is the pattern center as
determined by (1) the mean of the —10 and —20 dB
points on the pattern, (2) the point which minimizes the
overall rms difference between the right- and left-hand
sides of the pattern, and (3) the sample point selected as
the center for the data reduction procedure. This center
offset, although having a minor net effect on the accuracy
as shown above, causes the standard deviation a between
the exponential curve and the raw data to be somewhat
higher than would be expected from the directly mea-
sured value for jitter given in a previous section. The
pattern shown is also one of the worst cases and was
chosen because of the obviously bad point near the peak.
This illustrates exactly the type of error the curve fitting
is designed to eliminate. For the seven pattern sets, the
average curve fit error was 0.025 dB4; the expected value
4As noted, this is the mean square average value for seven data
sets; the value of 0.030 dB shown in Fig. 13 is for the single
data set illustrated.
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Fig. 13. Data reduction process
of the standard deviation of the peak value determined by
this fit is then 0.025/\/10" or 0.008 dB. Even though
this value is biased upwards by the offset center effect
described, it will be used in place of the lower error
based on the measured jitter. A 3<r value of 0.024 dB is
shown in Table 3 for curve fit error, and although the
other data reduction effects nominally cancel, an error of
±0.005 dB has been included to cover any residual
effects.
D. Summary
Several tests were made to verify the assumed form of
the equation describing the pattern behavior and to
quantitatively determine the deviations from the assumed
behavior. The pattern data reduction consists of two
averaging processes and a curve fit to determine the
critical value at the peak of the beam. The results are
summarized in Table 3.
V. Spherical Wave Expansions and Near-Field
Effects
This section describes a spherical wave expansion of
the horn radiation patterns which is used to compute the
near-field fields of the horn. The computed near field
patterns are (1) compared to NBS measured data, (2) used
to evaluate errors due to near-field effects in the mea-
sured patterns, and (3) used to compute near-field cor-
rection factors for the two-horn insertion loss method of
gain measurement. The first and third items above are
not directly related to the main topic of this report —
the pattern integration method of gain calculation — but
are included because they are an interesting cross-check
with the NBS results and indirectly support the main
result since the spherical waves are derived from the
same pattern data.
A. Spherical Wave Expansion of Horn Pattern
Spherical wave theory and techniques are described in
detail elsewhere (Ref. 10) and are not repeated here.
Basically, what is involved is an expansion of a radiation
pattern in terms of free-space spherical waves, which are
much like waveguide modes. The expansion may be
evaluated to yield the fields anywhere outside a region
containing the source.
The spherical wave coefficients of the horn patterns
were obtained by matching the spherical wave expan-
sion at R = oo to the experimentally measured patterns.
This was accomplished using a computer program which
is described in detail in Ref. 11. The input data was the
final pattern data obtained as described in the preceding
section.
A new test was made to determine the number of
spherical waves sufficient to expand the pattern. In
previous work, the total pattern power was approximated
by the power in a mode expansion truncated at a very
large number of modes. The actual expansion used was
then truncated at a point where, for example, 99.99% of
this power was contained. Figure 14 shows the fractional
mode power in the first 2V spherical modes, where the
total power is estimated by the power in the first 50
modes. Mathematically, the difference between the frac-
tional power and the total power should exactly equal
the power in the "error pattern" (see Eq. 8), defined as "
the vector difference between the true pattern and the
truncated spherical wave expansion. However, when this
error pattern power is calculated directly, a somewhat
different curve is obtained (Fig. 14). The two curves
begin to seriously diverge at roughly 2V = 18; this means
that the spherical wave coefficients for TV » 18 are
due as much to numerical noise as being actually present
in the input pattern. Furthermore, although the total
error pattern power is still slightly decreasing beyond
2V = 20, the match between the spherical wave expansion
and the input pattern actually gets worse in the critical
region near the peak of the beam, as discussed below.
This is interesting because the maximum wave order
required on theoretical grounds is approximately equal to
2?r/X times the radius of a sphere, centered at the origin,
enclosing the aperture (Ref. 10), which, in this case, is
17.5. So it seems that the numerical noise level occurs at
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Fig. 14. Power contained in first N terms of spherical
wave expansion
a value of IV just above the maximum wave order ex-
pected on theoretical grounds. It is also worth noting that
the error power of roughly 0.0005 is —33 dB below
isotropic or about —55 dB from the pattern peak; there-
fore, it seems that the numerical noise is somewhat higher
than the physical noise present in the measured pattern.
Error power calculations restricted to the first 3 dB,
10 dB, and first null of the main beam show that the
error curve bottoms out at about N = 20; the on-axis
point on the peak of the beam is most accurate for
N = 19 and develops significant error for N < 16 or
2V > 22. From this data it is concluded that the spherical
wave expansion which best represents physical reality is
one truncated at a value of N between 18 and 22; N =
20 will be selected as a nominal value.
B. Comparison of Spherical Wave Expansion and
Measured Near-Field Data
As mentioned in Section I, one of the gain measure-
ment methods being applied by NBS involves use of
measured near-field data which is transformed to the
far field. Here we have the inverse situation in which
we can transform measured far-field data to the near field
using the spherical wave expansion. This provides an
outstanding opportunity to cross-compare the JPL-NBS
results. To provide orientation, Fig. 15 shows a scale
drawing of the JPL horn and a plane surface 20.32 cm
from the horn aperture. The computed near-field fields
of the horn at this plane surface are shown graphically
in the same figure, where the distance from the centerline
is true scale, and the amplitude is represented by the
other coordinate. A more detailed graph of the same data
is shown in Fig. 16. Also shown in Fig. 16 is the prelimi-
nary NBS data measured on the same plane surface
(Ref. 12). The very good agreement between the data
computed from the spherical wave expansion, based on
JPL measured far-field patterns, and the data measured
in the near-field by NBS provides strong confidence in
both sets of data.
The computed data was obtained from an expansion
with N = 20. It was found that the near-field pattern
data was not particularly sensitive to the number of
waves used, and was virtually identical for the cases
N = 17, N = 20, and N = 25. Numerical checks have
been made previously (Ref. 13) which show that spherical
wave expansions with respect to different centers of rota-
tion also agree very well in the near field, as long as the
expansions are evaluated outside of the smallest sphere
which can contain the source. Data was also obtained for
two sets of horn patterns, and although the coefficients
themselves differed somewhat, the final results again
were virtually identical. Therefore, fortunately, these
results are not particularly sensitive to either the trunca-
tion point or numerical perturbations. Since the spherical
wave expansion matches experimental data in the very
near field, and is forced to be equal to experimental data
in the far field, there is little doubt that it is valid in
between, where it will now be applied.
C. Near-Field Effects in Pattern Integration Gain
Calculation
The 21-m separation between the transmitting and re-
ceiving horns shown in Fig. 5 is equal to 27.1DVX, where
D is the horn aperture diameter. Therefore, the measure-
ment is well beyond the conventional 2D2/A far-field
criteria. However, when the spherical wave expansions at
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R = oo and R = 21 m were compared, it was found that
the gain of the near-field pattern was 0.012 dB higher
than the gain of the far-field pattern. Note that this is
due to the net effect of changes in the overall pattern and
not just the on-axis point. It is also important to note that
this correction is for a pattern taken with the horn phase
center as the center of rotation; a different result would
be obtained for patterns with the center of rotation in
the aperture plane, which would be incorrect in this case
(Ref. 13).
It is surprising that even at this large separation, the
near-field effects on the pattern are not negligible and
should be included. A tolerance on the 0.012-dB correc-
tion factor is estimated to be ±0.002 dB.
D. Near-Field Gain Correction Factors for Two-Horn
Gain Measurement
When a gain is evaluated using the two-horn insertion
loss method, it is essential to correct for the fact that
power transfer between horns deviates from 1/R2 be-
havior in the near field because the measurement is
usually in the vicinity of DVA. (Ref. 1). Prior methods of
evaluating this correction typically involve the assump-
tion that the fields in the transmitting horn aperture are
those of the dominant mode in an infinite waveguide of
similar cross section (Refs. 14,15).
The use of the spherical wave expansion makes it pos-
sible to calculate the correction factors from the mea-
sured pattern of the horn being tested, basing the calcula-
tion firmly on experimental data instead of on a plausible
but unverified assumption. The method, which has been
described previously (Ref. 16), is briefly outlined here.
It has been shown (Ref. 17) that the ratio of the re-
ceived to transmitted power between two antennas at
any separation is
pL
 trans
(HB X EA + EB X HA) • fidS
[fleJ>A X HA) -
where SA and SB are two closed surfaces enclosing
antennas 1 and 2, respectively, nA and nB are the unit out-
ward normals of SA and SB, S is a surface enclosing either
one of the antennas, and EA, HA, EB, and He are the field
quantities evaluated with both antennas in place. The
quantities TLA and HA are the fields when antenna 1 is
transmitting, and EB and HB are the fields when antenna
2 is transmitting.
In the two-antenna insertion loss method for determin-
ing antenna gain, the ratio Prec/Pirans is measured, and
the gain is calculated from
G(R) =
t rans
1/2 (16)
where R is the separation distance between the antennas.
The spherical wave expansion provides a means for
directly determining the field quantities EA, HA, EB and
HB from experimental data, which can be used in Eq. (15)
to calculate the gain of an antenna as it would be mea-
sured using the two-antenna insertion loss method.5
Equation (15) was solved numerically on a digital
computer for two identical horns at various separations.
Horn-to-horn reflections were neglected; that is, EA and
HA were calculated with horn 2 removed and EB and
HB were calculated with horn 1 removed. With this
assumption the denominator of Eq. (15) becomes the
square of the total radiated power in the pattern used to
compute the spherical mode coefficients. The surface
S used in the numerical integration consists of a plane
located midway between the horns, plus a sphere of
radius \/2~/2R (where R is the separation between the
horns) to close the surface. This surface was chosen to
maximize the numerical accuracy.
Figure 17 shows the apparent gain values as a function
of the separation between the horn apertures, as mea-
sured between two identical antennas. The solid curve
was obtained from an expansion derived from pattern
data of horn 1; a similar expansion was obtained from
pattern data of horn 2 and evaluated at the two points
shown as circles in Fig. 17. It is seen that the two patterns
give virtually identical results: Also, the solid curve is
based on a spherical wave expansion truncated at N — 20.
As discussed above, it was concluded that N must lie
(15)
5It should be noted that the near-field measurement method used
by NBS provides a similar means of obtaining the quantities
needed in Eq. (15) from experimental data. This method appears
to be equally as good as the method used here.
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Fig. 17. Near-field gain correction factors for two-horn
power transmission
between 18 and 22, so the results were spot-checked at
these values. At this level of accuracy — on the order of
0.1 dB — the results are moderately sensitive to the
truncation point. (This demonstrates that a careful study
of the expansion errors, as described above, is necessary
to insure accurate results). Also shown in Fig. 17 is a
curve based on preliminary results obtained by NBS
from the two horn gain experiments (Ref. 18). Again, the
agreement between the independently obtained results
is very good and further increases the confidence in both
studies.
E. Summary
A spherical wave expansion of the .horn patterns was
obtained which resulted in a very low "error pattern"
power. It was found that increasing the maximum wave
order much above the theoretical cutoff value of 18
results, in spurious waves due to numerical noise. A
careful study of the error pattern between the spherical
wave expansion and the input pattern led to the conclu-
sion that the proper truncation point was between
IV = 18 and N = 22. The expansion was evaluated in
the near field and demonstrated, good agreement with
NBS measured data; several numerical tests have been
made which show that the near-field results are not sensi-
tive to parameter perturbations. The spherical wave ex-
pansion was then used to evaluate near-field effects ,in
the basic pattern data used in this report and also to
determine near-field gain correction factors. The com-
puted correction factors agree well with preliminary
measured data obtained by NBS. The gain correction re-
sults are insensitive to the pattern set used but moderately
sensitive to the expansion truncation point. A correction
Item
Horn
1
Apparent
gain, dB
22.068
22.361
21.814
Offset
r, cm
0.00
73.66
-60.45
Correction
AC, dB
0.000
-0.312
0.248
Corrected
gain, dB
22.068
22.049
22.062
Deviations,
dB
0.0083
-0.0107
0.0023
Mean corrected gain = 22.060 dB.
RMS deviation = 0.008 dB.
Horn
2
22.051
22.048
22.347
21.800
0.00
0.00
73.66
-60.45
0.000
0.000
-0.312
0.248
22.051
22.048
22.035
22.048
. 0.0055
0.0025
-0.0105
0.0025
Mean corrected gain = 22.046 dB.
RMS deviation = 0.006 dB.
factor tolerance of ±0.05 dB for separations of 2D2/A to
6DVA. is a reasonable estimate of uncertainty due to this
effect.
VI. Gain Results and Error Analysis
In this section the final pattern data is used to compute
the gain of the horns, which is the primary result of this
work. Error data obtained for various sources in prior
sections is combined into an overall error analysis for the
final result.
A. Computed Gain Results
The directive gain was evaluated numerically using the
final pattern data obtained as described in Section IV
and Eq. (7). The results are shown as apparent gain in
Table 4. As discussed, patterns were taken with the
center of rotation passing through the horn phase center
and also with offsets r = -60.45 and r = 73.66 with
respect to the phase center; the two phase center patterns
for horn 2 were a .result of the 180-deg symmetry test.
The apparent gain must then be corrected by factors AG
as given by Eq. (10); these values and the mean of the
corrected gain values are given in Table 4. The deviations
between the corrected values and the mean and the rms
deviation of the corrected values from the mean are also
given in this table. It is seen that the computed gain
values -are very consistent, with an extremely small rms
deviation of 0.008 and 0.006 dB for the two horns.
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Table 5. Summary of tolerance and correction data Table 6. Final gain results
Source
DAP measurement system
and antenna range
Pattern asymmetries
and data reduction
Near-field effects
Resistive losses
RSS total
Systematic errors,
dB
+ 0.072
-0.066
±0.055
+ 0.012 ±0.002
+ 0.015
+°-021 -0.005
+ 0.092
+ 0.033 _OQ86
Random
errors, dB
±0.034
±0.024
-
-
±0.042
Item Gain, dB 3<r tolerance, dB
B. Error Analysis
The error data obtained in previous sections is sum-
marized in Table 5. These errors are derived from peak
errors, except for one case where a So- value (three times
the standard deviation or 99.7% confidence interval for
a Gaussian distribution) was used. If these are indivi-
dually interpreted as 3<r values, then the rss total also
represents a 3<r value (clearly the errors are independent).
On this basis, the 3<r value of the calculated random
errors is about twice as large as 3 times the rms scatter of
the experimental data. This is felt to reflect the con-
servatism used in the calculated errors.
The dissipative losses in the horn, including the input
section as shown in Fig. 1, have been calculated to be
0.021 ig.ois dB (Ref. 19), as shown in Table 5.
The random errors will be reduced by a factor of
(3 — 1)1/2 = 1.4 by the three pattern sets taken for horn 1
and by a factor of (4 — 1)1/2 = 1.7 by the four pattern sets
taken for horn 2. Then the RSS total of the systematic
errors and reduced random errors is io'oli dB for
horn 1 and lo'olt dB for horn 2. Subtracting out the
systematic increase due to the near-field effects and
the dissipative losses yields the final results for power
gain given in Table 6. In the error analysis a positive
tolerance indicates that the computed gain could be
high by the given amount, so the signs on the tolerance
are reversed in the final gain result. The average gain of
the two horns is 22.02 dB, and the tolerance may be
rounded off to ±0.10 dB. These results are in good
agreement with prior pattern integration measurements
of the same horn (Refs. 2, 9), even though this earlier
work did not include a comprehensive error study and
suffered from the double-bounce reflection problem
shown in Fig. 6. Also shown in Table 6 is the final gain
Horn 1
Horn 2
Average
NBS value
22.027
22.013
22.02
22.076
+ 0.091
-0.097
+0.089
-0.095
±0.10
±0.06
value determined by NBS, which is the average of the
gain of the two horns, obtained using the two-horn in-
sertion loss method (Ref. 12).6 The NBS result agrees with
the pattern integration result within 0.056 dB. This excel-
lent agreement between results obtained by entirely
different methods gives high confidence in both methods.
VII. Conclusion
The pattern integration technique has been used to
calibrate a gain standard horn with a 3a (or 99.7%
confidence) accuracy level of better than ±0.1 dB. The
average gain value determined for the two JPL standard
gain horns is 22.02 dB. In addition, near-field gain cor-
rection factors for the two-horn measurement technique
have been obtained with an estimated tolerance of
±0.05 dB.
The pattern integration technique has not been devel-
oped nearly as thoroughly as the two-horn method, and it
is clear that the tolerance obtained in this work, which
is almost certainly conservative, could be substantially
reduced. For example, there are precision rotary vane
attenuators available (Ref. 20) which would enable a
precise amplitude calibration of the recording system;
systematic nonlinearities could then be compensated for,
substantially reducing this significant source of error.
In addition to being a valuable calibration technique in
itself, the pattern integration technique provides an
excellent complement to other methods, both by pro-
viding a means of obtaining high-accuracy patterns for
computing the two-horn correction factors and by pro-
viding a comparison of results with the near-field tech-
nique. It is felt that the method definitely deserves
greater attention and use in order that it may be devel-
oped to its full potential.
cThe result based on the near-field measurement is not yet avail-
able.
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